We demonstrate that there does exist an equilibrium description of thermodynamics on the apparent horizon in the expanding cosmological background for a wide class of modified gravity theories with the Lagrangian density f (R, φ, X), where R is the Ricci scalar and X is the kinetic energy of a scalar field φ. This comes from a suitable definition of an energy momentum tensor of the "dark" component obeying the local energy conservation law in the Jordan frame. It is shown that the equilibrium description in terms of the horizon entropy S is convenient because it takes into account the contribution of the horizon entropyŜ in non-equilibrium thermodynamics as well as an entropy production term.
Introduction
The discovery of black hole entropy has implied a profound physical connection between gravity and thermodynamics. 1 The gravitational entropy S in the Einstein gravity is proportional to the horizon area A of black holes, such that S = A/(4G), where G is gravitational constant. A black hole with mass M obeys the first law of thermodynamics, T dS = dM , 2 where T = κ s / (2π) is a Hawking temperature determined by the surface gravity κ s . 3 Since black hole solutions follow from the Einstein field equations, the first law of black hole thermodynamics implies some connection between thermodynamics and the Einstein equations. In fact, it was shown 4 that the Einstein equations can be derived by using the Clausius relation T dS = dQ on all local acceleration horizons in the Rindler space-time together with the relation S ∝ A, where dQ and T are the energy flux across the horizon and the Unruh temperature seen by an accelerating observer just inside the horizon, respectively.
In the theories in which the Lagrangian density f is a non-linear function in terms of the Ricci scalar R (so called "f (R) gravity"), it was pointed out 5 that a non-equilibrium treatment is required so that the Clausius relation may be modified to dS = dQ/T + d i S, where the horizon entropy S is defined by S = F (R)A/ (4G) with F (R) = ∂f /∂R and d i S describes a bulk viscosity entropy production term. The variation of the quantity F (R) gives rise to the non-equilibrium term d i S that is absent in the Einstein gravity. The reason why a non-equilibrium entropy production term d iŜ appears is closely related to the theories in which the derivative of the Lagrangian density f with respect to R is not constant. It is meaningful to examine whether an equilibrium description of thermodynamics is possible in such modified gravity theories. In the present paper, we review our results 6 in Ref. 6 and show that equilibrium thermodynamics does exist for the general Lagrangian density f (R, φ, X) including f (R) gravity and scalar-tensor theories, where f is function of R, a scalar field φ, and a field kinetic energy X = − (∇φ) 2 /2. We mention that in Ref. 7 , the derivation in Ref. 4 was also extended to f (R) gravity.
Thermodynamics in modified gravity-non-equilibrium picture
We consider the following action
where g is the determinant of the metric tensor g µν , L M is the matter Lagrangian that depends on g µν and matter fields Ψ M , and X = − (1/2) g µν ∇ µ φ∇ ν φ is the kinetic term of a scalar field φ (∇ µ is the covariant derivative operator associated with g µν ). The action (1) can describe a number of modified gravity theories, e.g., f (R) gravity, Brans-Dicke theories, scalar-tensor theories, and dilaton gravity. It also covers scalar field theories such as quintessence and k-essence. From the action (1), the gravitational field equation and the equation of motion for φ are derived as
where
µν , and G µν = R µν − (1/2) g µν R is the Einstein tensor. Throughout this paper, we use " ,Y " for the partial derivative with respect to the variable Y . For the matter energy momentum tensor T (M) µν , we consider perfect fluids of ordinary matter (radiation and non-relativistic matter) with total energy density ρ f and pressure P f .
We assume the 4-dimensional Friedmann-Lemaître-Robertson-Walker (FLRW) space-time with the metric, ds 2 = h αβ dx α dx β +r 2 dΩ 2 , wherer = a(t)r and x 0 = t, x 1 = r with the 2-dimensional metric
is the scale factor, K is the cosmic curvature, and dΩ 2 is the metric of 2-dimensional sphere with unit radius. In the FLRW background, from Eqs. (2) and (3) we obtain the following field equations:
where H =ȧ/a is the Hubble parameter and the dot denotes the time derivative of ∂/∂t, and the scalar curvature is given by R = 6(2H 2 +Ḣ + K/a 2 ). The perfect fluid satisfies the continuity equationρ f + 3H(ρ f + P f ) = 0. Equations (4) and (5) can be written as
Note that a hat to represent quantities in the non-equilibrium description of thermodynamics. If the densityρ d and the pressureP d of "dark" components are defined in this way, these obey the following equatioṅ
where we have used Eq. (6). For the theories withḞ = 0, the right-hand side (r.h.s.) of Eq. (10) does not vanish, so that the standard continuity equation does not hold. This occurs for f (R) gravity and scalar-tensor theory. We examine the thermodynamic property of the theories given above. To begin with, the apparent horizon is determined by the condition h αβ ∂ αr ∂ βr = 0, which means that the vector ∇r is null on the surface of the apparent horizon. For the FLRW space-time, the radius of the apparent horizon is given bȳ
In the Einstein gravity, the Bekenstein-Hawking horizon entropy is given by S = A/(4G), where A = 4πr 2 A is the area of the apparent horizon. 1,2,3 In the context of modified gravity theories, a horizon entropyŜ associated with a Noether charge was introduced by Wald. 8,9 The Wald entropyŜ is a local quantity defined in terms of quantities on the bifurcate Killing horizon. More specifically, it depends on the variation of the Lagrangian density of gravitational theories with respect to the Riemann tensor. This is equivalent toŜ = A/(4G eff ), where G eff = G/F is the effective gravitational coupling. 10 By using the Wald entropyŜ
we obtain 1 2πr A dŜ = 4πr
The apparent horizon has the following Hawking temperature
As long as the total equation of state w T =P T /ρ T satisfies w T ≤ 1/3, we have κ s ≤ 0, which is the case for standard cosmology. Then, Eq. (12) can be written as
In the Einstein gravity, the Misner-Sharp energy 11 is defined to be E =r A /(2G). In f (R) gravity and scalar-tensor theory, this may be extended to the formÊ = r A F/(2G). 12 Using this latter expression for f (R, φ, X) theories, we find
where V = 4πr 
The combination of Eqs. (14) and (16) gives
where we have introduced the work density defined by 13,14,15Ŵ = (
This equation can be written in the following form:
which is consistent with the result 16 of Ref. 16 for K = 0 obtained in f (R) gravity and scalar-tensor theories. The new term d iŜ can be interpreted as a term of entropy production in the non-equilibrium thermodynamics. The theories with F = constant lead to d iŜ = 0, which means that the first-law of the equilibrium thermodynamics holds. On the other hand, the theories with dF = 0, including f (R) gravity and scalar-tensor theory, give rise to the additional term (19).
Equilibrium description of thermodynamics in modified gravity
The energy densityρ d and the pressureP d defined in Eqs. (8) and (9) do not satisfy the standard continuity equation forḞ = 0. If it is possible to defineρ d andP d so that they can satisfy the conserved equation, the non-equilibrium description of thermodynamics may not be necessary. In this section, we demonstrate that such a treatment is indeed possible. One can write Eqs. (4) and (5) as follows:
If we define ρ d and P d in this way, they obey the following continuity equatioṅ ρ d + 3H(ρ d + P d ) = 0, where we have used Eq. (6). In the equilibrium description, the energy-momentum conservation in terms of "dark" components is met. Since the perfect fluid of ordinary matter also satisfies the continuity equation, the total energy density ρ T ≡ ρ d +ρ f and the total pressure P T ≡ P d +P f of the universe obey the continuity equationρ T + 3H(ρ T + P T ) = 0. Hence, the equilibrium treatment of thermodynamics can be executed similarly to that in the Einstein gravity. We introduce the Bekenstein-Hawking entropy 1,2,3 S = A/ (4G) = π/ G H 2 + K/a 2 , unlike the Wald entropy. This allows us to obtain the equilibrium description of thermodynamics as that in the Einstein gravity. It follows that
Using the horizon temperature in Eq. (13), we get
By defining the Misner-Sharp energy to be
Due to the conservation equation for "dark" components, the r.h.s. of Eq. (25) does not include an additional term proportional to dF . Combing Eqs. (24) and (25) gives
where the work density W is defined by 
Using V = 4πr 3 A /3 and Eq. (13), we acquirė
The horizon entropy increases as long as the null energy condition
The above equilibrium description of thermodynamics is intimately related with the fact that there exists an energy momentum tensor T 
µν in this way, the local conservation of T µν = 0. It can be shown that the horizon entropy S in the equilibrium description has the following relation withŜ in the non-equilibrium description:
By using the relations (19) and (23), Eq. (31) is rewritten to the following form
The difference appears in modified gravity theories with dF = 0, whereas S is identical toŜ in the Einstein gravity (F = 1). From Eq. (32), we see that the change of the horizon entropy S in the equilibrium framework involves the information of both dŜ and d iŜ in the non-equilibrium framework.
As an example, we apply the formulas of the horizon entropies in the Jordan frame to inflation in f (R) theories. In what follows, we assume the flat FLRW space-time (K = 0). We consider the model f (R) = R + αR n (α, n > 0) in the region − 1) ] . From this, we see that the scale factor behaves as a ∝ t 1/β . Hence, for β < 1, i.e. n > (1 + √ 3)/2, power-law inflation occurs. If n = 2, one obtains β = 0, so that H is constant in the regime F ≫ 1. The models with n > 2 lead to the super-inflation characterized byḢ > 0 and a ∝ |t 0 − t| −1/|β| (t 0 is a constant). The standard inflation with decreasing H occurs for 0 < β < 1, i.e.
(1 + √ 3)/2 < n < 2. In this case, the horizon entropy S = A/ (4G) = π/ GH 2 in the equilibrium framework grows as S ∝ H −2 ∝ t 2 during inflation. Meanwhile, the horizon entropyŜ = F (R)A/(4G) in the non-equilibrium framework has a dependenceŜ ∝ R n−1 /H 2 ∝ H 2(n−2) ∝ t 2(2−n) in the regime F ≫ 1. Thus,Ŝ grows more slowly relative to S. This property can be understood from Eq. (32), i.e.
Here, F ,R ≡ dF/dR. For the above model, the term F = nαR n−1 evolves as F ∝ t 2(1−n) . This means that (1/F )dŜ/dt ∝ t in Eq. (34), which has the same dependence as the time-derivative of S, i.e. dS/dt ∝ t. The r.h.s. of Eq. (35) is positive because F ,R > 0 and β > 0, so that d iŜ /dt > 0. We have d iŜ /dt ∝ t
3−2n
and therefore the last term on the r.h.s. of Eq. (34) also grows in proportion to t. As a consequence, S evolves differently fromŜ due to the presence of the term 1/F .
Summary
We have explored thermodynamics on the apparent horizon with area A in the expanding cosmological background for a wide class of modified gravity theories with the Lagrangian density f (R, φ, X). We have examined both non-equilibrium and equilibrium descriptions of thermodynamics.
In a non-equilibrium description of thermodynamics, the energy density and the pressure of "dark" components are defined such that they cannot satisfy the standard continuity equation for the theories in which the quantity F = ∂f /∂R is not constant. In addition, the Wald's horizon entropy in the formŜ = AF/(4G) associated with a Noether charge is introduced, so that a non-equilibrium entropy production term d iŜ appears. This non-equilibrium description of thermodynamics arises for the theories with dF = 0, which include f (R) gravity and scalar-tensor theories.
On the other hand, it is possible to acquire an equilibrium description of thermodynamics by defining the energy density and the pressure of "dark" components so that they can obey the standard continuity equation. In other words, this comes from a suitable definition of an energy momentum tensor of the "dark" component that respects to a local energy conservation law in the Jordan frame. In this framework, the horizon entropy S in equilibrium thermodynamics is equal to the Bekenstein-Hawking entropy in the form S = A/(4G), as in the Einstein gravity.
Moreover, we have found that the variation of S can be expressed in terms of dŜ in the non-equilibrium framework together with the entropy production term d iŜ . It is considered that the equilibrium description of thermodynamics is useful not only to provide the General Relativistic analogue of the horizon entropy irrespective of gravitational theories but also to understand the nonequilibrium thermodynamics deeper in connection with the standard equilibrium framework.
